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ABSTRACT We present a description of the relaxation of star polymers based on the conformational scaling 
properties predicted by Daoud and Cotton and confirmed in our recent simulations. We identify three typical 
relaxation mechanisms. The first describes elastic deformation of the overall shape. Its relaxation time is 
nearly independent off .  A second type of relaxation occurs via rotational diffusion. We predict that the 
relaxation time should scale with Nwlfz-v where Y is the correlation length exponent. A third relaxation process 
is the disentanglement of two or more arms. Here the longest relaxation time should increase exponentially 
with f llz. We measure various relaxation processes by molecular-dynamics simulations of star polymers with 
many (6 I f I 50) arms. The observed relaxation times are consistent with our predictions but do not give 
strong confirmation. We also discuss how the observed scaling behavior should be modified by hydrodynamic 
interactions, which are not treated in the simulations. 

I. Introduction 
Recent progress in synthesizing branched polymers has 

led to heightened interest' in their spatial and temporal 
statistical properties. A special class of branched polymers 
is the star polymer, which may be thought of as linear 
polymers joined at  one of their ends to a common center. 
The diameter of the center typically is of the order of a 
few bond lengths but is much smaller than the extension 
of a polymer. Well-characterized star polymers have been 
synthesized with up to 18 arms connected to a single 
center.2 By using linear polymers which have a small 
associating end group on one end only, it is possible to 
produce starlike structures with many more arms.3 How- 
ever, samples of this type typically have a very large po- 
lydispersity with respect to their number of arms. Most 
of the previous theoretical a n a l y ~ i s ~ ~  was concerned with 
static properties in the high molecular weight limit. These 
analytic predictions were partially confirmed by Monte 
Carlo  simulation^^"^ and series expansions.1° Recently we14 
performed a detailed analysis of the static properties of 
many-arm star molecules. Our molecular dynamics sim- 
u l a t i o n ~ ~ ~  included dissipative forces and as such are 
sufficiently realistic to model relaxation properties of the 
self-entangled star as well as the static properties. In this 
paper we report our results for how the star relaxes. 

The static properties of star polymers were analyzed by 
using the Daoud-Cotton scaling p i~ ture .~J  These authors 
use the blob model to describe the overall structure of such 
star polymers. The idea is that the density of monomers 
from the center decays as a power law. At a given distance 
r from the center, a sphere of radius r is cut by f arms. 
Thus depending on the distance from the central vertex, 
a star should look like a semidilute solution with a 
screening length [ ( r ) ,  where [ ( r )  is a function of only r and 
the number of arms f. At  a given distance r from the 
center, there are f blobs, one for each polymer chain. Since 
f blobs cover a sphere of radius r ,  the blob radius 

E(r) a r f -1 /2  (1) 

As in any semidilute solution, each blob contains nB 0: 

monomers. Here u is the correlation length exponent, 
which is 0.588 for a good solvent (d = 3).16 From this 
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picture, one can easily verify that p ( r ) ,  the number density 
of monomers, falls off as 

p ( r )  0: f ( 3 ~ 1 ) / 2 ~ ~ ( 1 - 3 ~ ) / ~  (=f0.65r-1.30 1 (2) 

Qualitatively, this scaling behavior is nicely illustrated by 
Figure 1, in which we show a projection of a typical con- 
figuration of a star polymer with f = 10 for N = 50, 100, 
and 200. Similar projections for f = 30 and 50 are Shown 
in ref 14. I t  shows nicely the density falloff and corre- 
sponding increase in with increasing r, as expected. For 
the average center end distance ( R  2, and radius of gyra- 
tion of the whole star ( R G 2 ) ,  one finds 

(3) 

where N is the number of monomers per arm. In ref 14 
we showed that these relations are well satisfied for f from 
6-50 arms. More recently Batoulis and Kremer12 have 
shown using detailed Monte Carlo simulations that even 
for f = 3 ,4  these relations are well obeyed for ( R G 2 ) .  We 
also compared our results for ( R G 2 ) /  (RG:) to experimental 
dat i  for polystyrene and polyisoprene stars." Here (RG:) 
is the radius of gyration for a single polymer of chain length 
equal to one of the arms. For 3 I f I 18, where experi- 
mental data are available for relatively monodisperse 
samples, the agreement with our  simulation^'^ is excellent. 
Thus it appears that the scaling analysis gives a good 
description of the static properties of stars. We may now 
ask how well this picture predicts the dynamic relaxation 
processes. 

The organization of the article is as follows. In the next 
section we discuss the three main relaxation processes 
expected in a star polymer both with and without hydro- 
dynamic interactions. There we make extensive use of the 
scaling picture discussed in the Introduction. Section I11 
describes the details of the simulations. These simulations 
display only a subset of the expected relaxation processes. 
At short times the mean-squared displacements are as 
exected for simple linear polymers. A t  long times the 
motion appears consistent with the predicted time scale 
for elastic relaxation discussed in section 11. In section IV 
we present results for the autocorrelations identified in 
section 11. Finally, section V contains a short summary 
and our conclusions. 

11. Relaxation Processes of Star Polymers 
If we consider a star polymer with many arms f ,  we can 

think of three qualitative relaxation processes, which will 
occur on different time scales and will only weakly couple 
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individual arm. For example, the autocorrelation function 
C&) for the end-center distance is defined by 

C R ( ~ )  = ((R(t)R(O)) - ( R ) 2 ) / ( ( R 2 )  - ( R ) 2 )  (6) 
How does such a fluctuation occur and relax? In ref 14 

we gave a brief account based on the single-arm distance. 
Here we put it in a more general framework. In a semi- 
dilute solution of polymers, density fluctuations are gov- 
erned by the screening length .$ For distances larger than 
l these fluctuations decay exponentially with distance. For 
stars, the largest length available for such fluctuations is 
given by the size of the largest blob. The largest blob has 
a diameter 

(7) 
Typically nB- a (Rf-1 /2)1 /v  monomers are in such a blob. 
Here R is the average center-end distance of the arms. 
Thus, the typical shape fluctuations of a star are con- 
structed from independent density fluctuations on the 
length scale of the blobs. Since the bulk of the monomers4 
are to be found in blobs of size of order l,,, density 
fluctuations typically occur on length scales of the order 
of the f,. Thus, one also has to expect that the relative 
amplitude of the fluctuation of ( R G ~ )  and ( R 2 )  falls off 
as l,,/R a f1I2. The longest relaxation time 7 B  of such 
a local fluctuation is given by the Rouse time of an isolated 
chain of nB monomers: 

TB &nax2nBmax nBmax1+2Y (84 

TB a (Nf-1/2)1+2’ cc Td-(1+2d/2 (8b) 

where T~ is the Rouse time of an individual arm. 
So far we have described the initial local relaxation. In 

order to produce an overall shape fluctuation, a density 
fluctuation has to diffuse a distance of the order of the 
diameter of the star polymers, which is R. The diffusion 
constant for a semidilute solution is given by the square 
of the screening length [ divided by the local relaxation 
time TB. The relaxation rate of shape fluctuations is 
governed by the time such a concentration fluctuation 
needs in order to travel a distance R. Thus, the longest 
relaxation time rei, with el for elastic, is of the order of 

E,, = [ (R)  a R f - 1 / 2  

Since nBm, 0: (Rf-1/2)1/’ ,  this gives 

rel cc T~(R/[,,, ,)~ Q w+2uf-I(1+2’)/2] N2.18f43.09 (9) 

For the Zimm case, with hydrodynamic interactions, the 
situation is slightly different. We again consider the same 
semidilute arrangement of blobs, however, the typical blob 
relaxation time 7B - For larger distances the hy- 
drodynamic interaction is screened, so that the relation 
~~1 = T B ( R / [ ) ~  is unaltered. Inserting this into eq 9 gives 
for the Zimm20 case: 

rel a 5max3(R/5m,)2 cc N3Yf(2-3u)/2 = N3’f+0.125 (10) 

It is perhaps more instructive to relate the Zimm time T , ~  

to the relaxation time of a linear chain with the same 
diameter since the Zimm time is governed by the overall 
volume of the polymer. Inserting eq 7 into eq 10 gives T , ~  

a R 3f-1/2. Thus a star relaxes of order f -1/2 faster than 
a linear chain of the same overall diameter. 

One may distinguish two different types of elastic re- 
laxation. One type is the global relaxation of concentration 
over the whole star. The other type is the relaxation of 
a single arm independently of the others. The former type 
should occur on the time scale ~ , 1  as discussed above. The 
time scale T, for the latter, single-chain relaxation may be 
estimated by supposing the chain to be confined in a tube 
of radius [,,. Such a chain has an end-to-end distance 
of order R, and its overall dynamics are similar to that in 
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Figure 1. Projections of a typical configuration of a star off = 
10 with N = 50, 100, and 200. 

to each other. Since we want to understand their principal 
nature, we discuss and try to analyze them separately. In 
principle these mechanisms also should occur for linear 
polymers; however, in the star polymers one is able to look 
at  each of them separately. 

First, the star relaxes via overall shape fluctuation, or 
elastic modes. Their time scale is that of cooperative 
diffusion over the star size R. We gave a short account of 
this process already in ref 14. A second process is rota- 
tional diffusion of the object. For a linear polymer f = 1, 
2, this motion has the same relaxation time, up to a con- 
stant of order unity, as that of the elastic shape fluctua- 
tions. But for many arms f ,  the shape fluctuations relax 
progressively faster. Hence, the two time scales have the 
same dependence on the number of monomers per arm N 
but different dependence on the number of arms f. The 
rotational diffusion is slower since it is not enhanced by 
the pressure within the star, as the elastic modes are. 

The third process-by far the slowest-is the disen- 
tangling of two (or more) intertwined arms. Such a con- 
figuration, especially for many-arm stars, can easily survive 
the shape or rotation relaxations. The more arms the 
object has, the better we will be able to distinguish these 
three processes. 

The first detailed analysis of the dynamics of branched 
polymers was performed by Zimm and Kilb18 already in 
1959. They solved the Rouse19 and the Zimm20 model for 
the Zimm-Stockmayer approximation.21 There each pair 
of arms is treated as an individual and independent ran- 
dom walk. For static properties this approximation works 
very well for the good solvent case12122 for few arms while 
it does not work for the @regime. It should be noted that 
the different relaxation mechanism cannot be distin- 
guished in this approach, since it is based on the fact that 
the pairs are independent and can freely penetrate. We 
will compare their results to ours below. 

First let us consider the fastest process. The shape 
fluctuations controlled by the breathing or elastic modes 
are directly apparent in fluctuations of the inertia tensor 
M. We define M as the sum of the dyadic product of the 
distances of the positions rij from the center of mass r,, 
of the whole star. Here the index denotes the j th monomer 
on arm i. Evidently rcm = [l/(Nf + l)]Cijri, as usual. 
Then the inertia tensor M is given by 

With this the mean-squre radius of gyration ( R G 2 )  can be 
expressed as 

(5) 

The typical shape fluctuations now are given by the time 
autocorrelation function of R G 2 ,  the off-diagonal matrix 
elements of M, the radius of gyration RGa for each indi- 
vidual arm, or the squared center end distance R for each 

(RG’) = (Mxx + Myy + M z z )  
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a Daoud-Cotton cone. In order for concentration fluctu- 
ations in this tube to relax, they must diffuse over a dis- 
tance R via cooperative diffusion. Again, as with the global 
elastic modes, the relaxation time T~ is of order rBR2/E2. 
The independent single-chain relaxation and the many. 
chain elastic relaxation occur on the same time scale. 

After such relaxations have occurred, the center of mass 
of the overall object has only moved a short distance. A 
much longer time is required for the whole object to rotate 
or to move a distance comparable to its own diameter, since 
the same time is needed for the star to move its own di- 
ameter or to make a complete rotation.= For an assembly 
of Nf objects subjected to independent random forces as 
in the Rouse model, the diffusion constant is given by 

D a (Nf)-' (11) 
Within the diffusion time, the system moves a distance of 
about its diameter. Thus the diffusion time is given by 

(12) 
This time still is smaller than for a linear chain of Nf 
monomers but much larger than the typical time of the 
shape fluctuations. Since the diffusion constant is very 
small, it is difficult to measure in a simulation. We will 
consider the rotational diffusion. To measure rotational 
diffusion, which should have a relaxation time comparable 
to T ~ ,  we can analyze the time autocorrelation function of 
the center-end vector R defined by 

C d t )  = (R(t).R(0))/(R2) (13) 
where we have used (R(t)) = 0. Each star contains f such 
center-end vectors, whose autocorrelations may be aver- 
aged to improve the statistical uncertainties. 

We now estimate the overall diffusion rate for the case 
of Zimm dynamics. Now the diffusion constant D scales 
with the diameter of the object; namely, D a R'. Inserting 
this into eq 12 gives 

T~ a R 2 / D  a R3 C( N3"f3('-W (14) 

Again the motion is faster than for the linear chain of Nf 
monomers. 

Even when the star moves its own distance, the topo- 
logical arrangement of two arms may be largely intact. We 
especially think of two intertwined arms which can follow 
the shape fluctuations of the star without changing its 
topological character. We now want to describe how to 
simulate and calculate a relaxation process which is gov- 
erned by such effects. It is important that the quantity 
we are looking for survives both shape fluctuations and a 
rotation of the whole object. It, however, should not 
survive a disentangling fluctuation. First let us imagine 
how such a disentangling process might occur. 

We begin by considering the related problem of braiding 
entanglements in a polymer "brush" of chains in a good 
solvent attached by one end at moderately high coverage 
pa (attachments per unit area) to a flat surfaceJ4 The 
conformations of such chains may be viewed as being a 
string of "blobs" of size - P ; ' / ~ ,  one atop the next, 
extending away from the grafting surface. Adopting an 
artificial lattice of size E ,  we would describe the confor- 
mation of a grafted chain as being a nearly straight walk 
away from the surface. However, because the energy re- 
quired to overlay two blobs is only of order kBT, there will 
be some finite fraction of "sideways steps", i.e., of subse- 
quent blobs a t  the same distance from the surface. 

Suppose we have S blobs in a chain and aS sideways 
steps on our lattice (0 < a < 1). Then the sideways steps, 
taken in random directions, are a two-dimensional random 
walk; the free end of the chain will be displaced parallel 

T~ a R 2 / D  a NfN2'f'-' a N2'+' f -  2 " 
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Figure 2. Two configurations of a random chain attached at one 
end to a horizontal plane with a lattice of vertical spikes. In one 
step, the chain may move one nearestneighhor distance laterally 
or may move vertically upward by the same distance. In order 
to move from the one configuration shown to the other, the chain 
must pass through the completely vertical configuration. 

to the surface a distance of order from the grafted 
end. 

Now consider how a chain's kinetics take it from one 
configuration of sideways steps to another. It suffices to 
view the chains with which our chain is entangled as being 
stationary, vertical obstacles on a regular lattice. Then, 
viewing from above, we have the problem of an end-atta- 
ched two-dimensional random path in an entanglement 
network, Figure 2. The time required for the kth step 
from the free end to randomize its direction, denoted T ~ ,  
is some constant c times the time required for the (k - 1)st 
step and above to be free of constraint: 

T k  = CTk-1 

Thus the time to observe the kth step to explore its phase 
space is rk - ebbI, where rl is the time scale during which 
the topmost blob may shift its position by E. The relax- 
ation time grows exponentially with the number of steps 
k. 

A similar exponentially slow relaxation should occur in 
the star polymer. The sideways steps made by a chain on 
its way out from the center are along the constant-r sur- 
faces; the displacements of interest of the kth blob are 
angular displacements; each sideways step gives an angular 
displacement of order f-'I2. 

The time 7'. in a Rouse dynamics simulation, is the 
Rouse time rB for a blob introduced in eq 8a above. Since 
6 and thus T~ vary with r, we write 

Tk/'B(E(rk)) cTk-l/TB($(rk-l)) (15) 
Now E2(r) = r2/f and rk/rk., = 1 - f-'I2, so 

Tk = [c(l - f-'/2)2/']krB (16) 
where T~ is now the Rouse time of the largest blob. The 
largest time scale is the T~ where k - f 1 j 2  log N is the 
number of blobs per arm; hence the time to unbraid com- 
pletely scales as 

T. - exp(cf'4 (17) 
where c is a constant. This unhraiding time becomes very 
long as f increases. The angular displacement 0 of a given 
chain end (for 0 << r) should be given hv (e2) - k(t)/f - - .. 
f.1 1% ( t l re ) .  

The time over which such as entangled state survives 
drastically increases with the number-of arms, since the 
surrounding arms stabilize such an entangled structure. 
Note that the standard knot interpretation does not work 
here. Although two intertwined arms do not necessarily 
form a mathematical knot, they still are strongly entangled. 
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One sensitive quantity should be the scalar product of two 
arbitrary center end vectors: Ri.Rj, where Ri is the vector 
from the vertex to the free end of the ith arm. This dot 
product is largest for nearby arms; these would typically 
be intertwined. The product for two initially nearby arms 
relaxes to zero as these disentangle. To observe this 
quantitatively, we define the entanglement correlation 
function C,(t) as 

1 f  
f(f - 1)i.j-1 

i # j  

C,(t) = - E ( [Ri(O).Rj(O)I [Ri(t)*Rj(t)l) (18) 

where we have used the fact that (Ri(O).Rj(O)) = 0. This 
angular correlation may only decay after two arms which 
are strongly entangled have disentangled. Note that an 
overall rotation of the star does not affect C,(t), since it 
is a scalar. Since this correlation function is easily 
measurable in principle in the course of a simulation, we 
think that this quantity should identify the third kind of 
relaxation to reasonable accuracy. 

At  this point we should mention that the Zimm-Kilb 
treatmentla leads to qualitatively different results. For the 
free draining (Rouse) case, the individual relaxation times 
of the Rouse modes yield (in our notation) 7 p  - N2/p2 
independently off. The sum of all relaxation rates then 
gives xp7 - N2(f - 1). For the Zimm case the calcula- 
tions yie18Ep7 - N2f ' I2 ,  which strongly disagrees with 
our results. &is is expected because the Zimm-Kilb 
analysis does not take account of the osmotic pressure 
inside the star due to the interactions between arms. 

111. Model and Method 
To test the various relaxation processes described in the 

previous section, we carried out a simulation of star 
polymers with many arms. We used a molecular dynamics 
method in which each monomer is coupled to a heat bath.14 
Each polymer consists of a vertex monomer which is 
connected with f linear arms. Each arm has N monomers, 
with one free end and one end attached to the vertex 
monomer. We refer to a star as f / N  to characterize the 
number of arms and number of monomers per arm. The 
equation of motion satisfied by monomer i is given by 

Self-Entangled Many-Arm Star Polymers 1907 

d2ri dri - -  - V U ~  - r - + wi(t) 
d t 2  dt  

where r is the bead friction which acts to couple the mo- 
nomers to the heat bath and Wi(t) describes the random 
force of the heat bath acting on each monomer. Wi(t) is 
a Gaussian white noise with 

(20) 

where the T i s  the temperature. Using the Einstein rela- 
tion, this leads to a diffusion coefficient for an isolated 
bead Do = kBT/ r. Since we do not include hydrodynamic 
interactions in our calculations, the model is coherent with 
Rouse (but not with Zimm) dynamics. The potential U, 
has two parts U o  + Uch. 

(Wi(t)*Wj(t')) = sijs(t - t96kBm 

Uo(r) = 4t[(a/r)12 - ( a / r ) 6  + 1/41 r I rc 
= O  r > r c  (21) 

is a shifted, short-range repulsive Lennard-Jones potential, 
which vanishes beyond a range r, = 2'I6a and acts between 
any two monomers. The potential Uch(r)  is an attractive 
potential between neighboring monomers along the se- 
quence of each arm. The parameters for this potential are 
the same as in ref 14. The time step was At = 0.0067, 
where T = a(m/t)1/2.  Here m is the mass of each monomer. 
Note that At cannot be mapped directly onto a microscopic 

Table I 
Ratios of Equilibrium Dimensions of Star Polymers 

Defined by the Components Ro,Z of the Inertia Tensor, 
Equation 4 O  

f lN M ( R n A  (Rn,? ( R o A  
1/50 20000 15.07 3.05 1.00 
6/50 2000 3.60 2.27 1.00 
10/50 13000 2.32 1.44 1.00 
20/50 5000 1.70 1.38 1.00 
30/50 6500 1.67 1.31 1.00 
50150 2600 1.30 1.14 1.00 
10/100 2000 2.35 1.62 1.00 

M is the number of configurations, taken 100At or 0.67 apart, 
over which the data are averaged. 

time scale, because a single monomer corresponds to a 
number of real bonds, which depend on the chemistry. 
The simulations were carried out for a reduced tempera- 
ture kBT/t = 1.2 and bead friction = 0.57-l. Because 
the potential between monomers which are not chemically 
linked along the chain is purely repulsive, our simulations 
are in the good solvent regime. The average bond length 
between nearest-neighbor beads along the chain was found 
to be 0.97a and the persistent length 1 . 3 ~ .  Our choice of 
parameters for the attractive potential Ueh(r) ensure that 
bonds do not cut each other for the reduced temperature 
kBTlt = l.2.14 

For a given bead friction r, the motion of a monomer 
is undamped (with the chain constraints) for t < I+', while 
for t >> r-' it shows typical Rouse beha~i0r . l~ Our choice 
of I?-' = 27 means that the ballistic motion of a monomer 
is confined to about two to three bond lengths for a single 
chain. For larger distances the motion is diffusive. This 
choice was a convenient compromise. For smaller values 
of r, the coupling to the heat bath is too weak and the star 
samples phase space very ineffectively. It does not show 
the desired Rouse behavior for a single chain until very 
late times. For larger values of I', the viscosity damping 
and random force term dominate over the inertia term in 
eq 19. This means that the motion would be dominated 
by Langevin dynamics even for very early times and there 
could be little cooperative motion of the monomer; this is 
important for movement to occur particularly in the dense 
interior of the star. This limit would make the algorithm 
very ineffective. A more general discussion of this nu- 
merical approach is given in ref 14 and 15. This short-time 
ballistic region will show up for short time t S 2 - 3r-l = 
4-67 in the autocorrelation and dynamic functions pres- 
ented in the next section. However, since the total length 
of the runs are typically longer than 10007 (see Table I), 
this does not cause any difficulty. 

The simulation was started with the arms stretched 
radially and isotropically away from the center for the first 
50 monomers. To the end of each arm further beads in 
a random-walk configuration were added to make up the 
required total N. Thus, the initial configuration has a 
larger radius of gyration than the final star, and the arms 
were initially well separated. 

The amount of overall translational or rotational motion 
expected on the time scale of our simulation is small. The 
Rouse diffusion constant in this system is (Nfl-' times the 
diffusion constant of an individual bead. Using this, we 
expect a center-of-mass displacement in our 50150 star of 
only a few diameters in time 25007. The transverse dis- 
placement of a typical bead due to rotation is expected to 
be of the same order. 

For our systems, it is important to remember that since 
f ' I 2  < N ,  we do not have a very large extended core region. 
Therefore, we need only consider the so-called "swollen 
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Figure 3. Distribution function P(R) for the center-end distances 
versus R for the 50/50 star. The solid line is the raw data, while 
the dashed line is a Gaussian with the same width and standard 
deviation as the data. 

regime" of Daoud-Cotton4 and do not have to worry about 
their inner 9-like or meltlike regimes. This feature shows 
up most strongly in our results for p ( r )  which follow the 
scaling form, eq 2, after only one to three inner monomers. 

In ref 14 we presented the results for the static prop- 
erties for a number of stars. We studied systems of N = 
50 bonds per arm for f = 6, 10,20, 30, 40, and 50, as well 
as stars with N = 100 and 200 for f = 10. We also com- 
pared our results single chains of length 50 and 100 mo- 
nomers, which we refer to as 1/50 and 2/50. Results for 
the mean-square end-center distance ( R  2 ) ,  mean-square 
radius of gyration of the star ( R G 2 ) ,  and radius of gyration 
of each individual arm (RG,2) are tabulated in ref 14 for 
these stars. In addition, Table I presents our results for 
the equilibrium dimensions of our simulated star polymers 
defined by the components R 2gi of the inertia tensor, eq 
4. 

To show the range of motion of the arms, we measured 
the distribution P(R) of center-end distance R. The ex- 
pected width of this distribution may be estimated from 
the Daoud-Cotton model,4 by considering the center-end 
distance R of a chain confined in a narrow cone of opening 
angle B = 2f-'J2. (Such a cone subtends a solid angle which 
is 1/ f of the sphere.) The end-end distance of such a chain 
fluctuates as though is were confined in a straight tube of 
diameter RO. The free energy of this chain (relative to an 
unconfined chain) is of order kTR/(RB), i.e., kT per blob 
of size RO. Decreasing the end-end distance to zero costs 
a further energy of this order. Thus the free energy as- 
sociated with a small fluctuation AR of the end-end dis- 
tance away from its average value ( R )  is of order kTR/ 
(RB)[AR/RI2. Thus thermal fluctuations in AR, of energy 
=kT,  are expected to be of order (R)0112 = 2'I2(R)f-'J4. 
For many arms f we expect the distribution P(R) to ap- 
proach a Gaussian shape of width AR << ( R )  . 

Another model distribution is that of polymers end 
grafted to a flat surface in a solvent, the "polymer brush". 
A recent ca l~u la t ion~~  shows that in this system the end- 
end distance R fluctuates by an amount AR - R, regard- 
less of the degree of stretching of the polymer. For the 
brush, P(R) rises linearly for R << ( R )  and falls to zero 
again a t  a height h of order ( R ) :  P(R) - O((R - h)'I2). 
For R > h, P(R) falls off exponentially, with characteristic 
width of the same order as in the cone model above. 

The measured P(R) is plotted in Figure 3 for f = 50. As 
the figure shows, the distribution is Gaussian within the 
uncertainly. P(R) does not appear to extrapolate to zero 
at  any particular maximal or minimal R. This is counter 
to the behavior of the but consistent with the 
Daoud-Cotton p i ~ t u r e . ~  The width of the P(R) distribu- 
tion, measured by its standard deviation, is also consistent 
with the Daoud-Cotton picture. As anticipated, it is 

1 1 I I 
0.0 4.0 8.0 12.0 16 0 20.0 

(t/T)s/" 

Figure 4. Mean-squared radial ( 1 1 )  and transverse (I) dis- 
placement (AR)2 for the center-end distance versus time, ( t / ~ ) ~ / l " .  
The upper scale shows the time t /7 .  The solid lines are for the 
50150 star and dashed for 20/50. The wavy arrow at t = 607 
indicates the relaxation time determined from the autocorrelation 
function for the magnitude of R ;  see Figure 6. The arrow at 26 
on the vertical axis indicatea the predicted maximum displacement 
for the 50/50 star, (AR),, = 2 [ ( R 2 )  - ( R ) 2 ] ,  using the data of Figure 
3. 

distinctly smaller than ( R )  but distinctly larger than the 
cone width $ ( R )  = 0.07(R) defined above. I t  is quite 
comparable with the anticipated 01J2(R) = 0.53(R). 

In addition, we measured14 the local density p ( r )  as a 
function of distance r from the seed monomer, as well as 
several static scattering functions S(Q). Our results were 
in good agreement with the asymptotic scaling predictions 
of the Daoud-Cotton blob model. 
IV. Relaxation Phenomena 

In addition to the detailed static correlations described 
in ref 14, our simulations can be used to give information 
about the relaxation dynamics of star polymers. We 
monitored the fluctuations in a number of quantities, in- 
cluding the end-center distance R, tbe radius of gyration 
of each arm RGa, and the matrix elements of the radius of 
gyration matrix M about a fixed coordinate axis. From 
these quantities, we can construct the autocorrelation 
functions defined in section 11. In all cases, the average 
( ) in eq 6, 13, and 18 was taken over a large number of 
initial states taken 20At apart. Results for the relaxatip 
of R, R,  and RGa were averaged over all f arms, for R- 
(t,).R(t,) over all fcf - 1 ) / 2  pairs of arms and over the three 
off-diagonal matrix element M. 

The motion of a single arm may be conveniently 50"- 
i tyed by-using the mean-squared displacement (MI2 = 
(R,( t )  - R1(0)2) over a time t .  Figure 4 compares this 
displacement for radial and transverse motions for the 20- 
and_ 50-arm star. At early times the motion is isotropic and 
(AR)2  increases roughly as t 6/11, as expected15 for linear 
chains in solution. As the displacement AR reaches the 
mean distance BR = 2f-'J2R ( ~ 5  for 50/50 star) between 
chains, anisotropy appears. The transverse displacement 
continues to increase as for short times, but the radial 
displacement shows a leveling off. Asympotically this must 
reach a value of 2[ (R2)  - which we measured in- 
dependently to be 26 for a 50/50 star. 

To show collective motions of the ends, we have plotted 
the averaged transverse displacements AR,, for all arms 
i. To form ARlL, we averaged the position R, over 3007 
and subtracted this from the average position for the next 
3007. This 3007 is a long time on the scale of Figure 4. The 
resulting displacement vectors are mapped in a Mercator 
projection in Figure 5. The cooperative elastic and ro- 
tational motions anticipated in section I1 would appear in 
this plot as an organized flow: nearby vectors would tend 
to be equal. The map shows no evidence of this cooper- 
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Figure 7. Autocorrelation function CRG(7) for the radius of 
gyration of the entire star for stars with f = 10, 20, 30, and 50 
arms for N = 50. Note that the relaxation time for f L. 20 is the 
same as that obtained for RGa and R. 
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Figure 5. Mercator projection for the transverse displacement 
of the center-end vectors of the 50/50 star. The initial and final 
positions of the ends are averaged over 3007. The duration of 
the simulation was over 15007. 
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Figure 6. Autocorrelation function CR(7) for the end-center 
distance (solid lines) and single arm radius of gyration (dashed 
lines) for four stars of size 10/50,20/50,30/50, and 50/50. The 
curves has been displaced by 0.4 for clarity. Note that the re- 
laxation time is essentially the same for all four. 

ative motion; instead, each end appears to move inde- 
pendently of its neighbors. The predominant motion ap- 
pears to be a quasi-independent stretching and com- 
pressing of all the arms. Our measurements of the cor- 
relation functions of section I1 support this view. 

We now consider explicitly first the relaxation of the 
overall shape fluctuations or elastic modes. This can be 
studied by using our simulations by following the decay 
of one of four autocorrelation functions, for end-center 
distance R,  radius of gyration of each arm RGa, the radius 
of gyration of the entire star RG, or the off-diagonal matrix 
elements of the radius of gyration matrix M. Since the 
latter two can be averaged over all farms, the statistics 
are better but all four give basically the same results. 

The observed correlation functions CR(t) for the scalar 
end-center distance and for the radius of gyration of a 
single arm are shown in Figure 6 and are consistent with 
the behavior predicted from the discussion in section 11. 
The relaxation is exponential with a characteristic time 
7 R  607 for all values off for N = 50. The results for 7 R  
have been tabulated in ref 14. The final relaxation time 
depends imperceptibly on f ,  as can be seen from Figure 
6, and is consistent with the weak f -o.04 dependence pre- 
dicted. We determined the final relaxation time either 
from the slope of In C R ( t )  for long time or by 

Both methods gave similar results to within 10%. Since 
we do not measure the complete decay of CR(t), the inte- 
gration was carried out numerically only from 0 to 607. 
The contribution from 607 to infinity was added, assuming 
that c R ( t )  decayed exponentially for long times. We 
checked14 the predicted N dependence for our f = 10 stars 
and it appeared roughly quadratic, as anticipated. 
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Figure 8. Autocorrelation function c ~ ( 7 )  for the off-diagonal 
matrix element of the radius of gyration matrix MXy, M,,, and 
My* for stars with f = 10, 20,30, and 50 arms for N = 50. While 
there is no systematic dependence with f ,  as expected, the overall 
relaxation time scale is 2.5-3.5 longer than for Rca and R. 

Results for cRG(t), the autocorrelation function for the 
radius of gyration of the entire star, and C M ( t ) ,  the auto- 
correlation function for the off-diagonal elements of M, 
are shown in Figures 7 and 8, respectively. While the 
statistics are not as good as in Figure 6, we see that CRG(t) 
decays with the same characteristic time 7 R  N 607 for f 
L 20. We believe the apparent slower relaxation time for 
f = 10 is a result of insufficient statistics. The relaxation 
for C,(t) shows no systematic f dependence and has a 
characteristic relaxation time 2.5-3.5 times longer than 
observed for R,  RGa, and RG. The results for both these 
quantities are consistent with the scaling predictions that 
the shape relaxation depends imperceptibly on f. These 
results clearly support the scaling picture compared to the 
independent strand approach of Zimm and Kilbl* which 
predicts that 7 N f. 

The next relaxation processes we considered is that of 
diffusion, which is predicted to scale as 7D a f 2-v, eq 12. 
However, both the translational and rotational diffusion 
for these large objects is very slow as discussed above and 
we could not measure 7D accurately. This would require 
significantly longer runs than presently accessible. 

The third relaxation process we consider was the di- 
sentanglement time 7,. Figure 9 shows our results for Ce(7), 
defined by eq 18 for four stars. There is clearly a strong 
dependence of the relaxation on the number of arms f .  
Unfortunately, as in the case of rotational diffusion, the 
decay of Ce(7) over the total run is not sufficient to de- 
termine 7e accurately enough to test the scaling predictions. 

V. Summary 
We have shown that the scaling picture for many-arm 

star polymers can be used to identify three typical relax- 
ation mechanisms. For large N and f they can be studied 
separately. The first describes elastic deformation of the 
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Figure 9. Entanglement autocorrelation function C&T), defined 
by eq 18 for f = 10,20, 30, and 50 with N = 50. Clearly has 
a strong dependence on f ,  but the decay in C,(T) is too slow to 
determine T,  accurately. 

star’s overall shape and is essentially independent of the 
number of arms f for both the Rouse and Zimm model. 
The intermediate relaxation process is the translational 
or rotational diffusion time which scales as N2”+lf2-” 
(Rouse). Both of the relaxation processes scale the same 
with molecular weight as for linear polymers, where shape 
fluctuations occur on the same time scale as translational 
diffusion. The third relaxation process applies only for 
branched polymers and describes the disentanglement of 
two or more arms. For a star polymer we predict that its 
relaxation time depends exponentially on f 1/2. 

We also showed that molecular dynamics simulations 
of many-arm polymers with up to 50 arms can be used to 
study some of these expected relaxation processes. In 
particular, we demonstrated that the relaxation times of 
the center-end distance R and the mass tensor M depend 
imperceptibly on f ,  as expected for elastic relaxation. 
Further, we saw evidence for two distinct relaxation times, 
namely, a time T~ N 607 for single-arm relaxation and an 
overall relaxation time 7,l which is a factor 2.5-3.5 longer. 
While the other two relaxations were too slow to be mea- 
sured accurately in our simulations, we did find a stronger 
dependence of the relaxation on the number of arms f for 
the disentanglement time 7,. 

The observed slowness of the entanglement process 
raises the question of whether our simulated stars have 
achieved entanglement equilibrium. As explained in sec- 
tion 111, our star arms were initially radially stretched and 
hence completely unentangled. If full entanglement oc- 
curred during the equilibration, we would expect the ends 
to move large angular distances over the time of the sim- 
ulation. This large-scale motion should be reflected in 
Figure 5, which shows the angular motion of all the arms 
over about a tenth of the total simulation time. But the 
actual motion shown on that figure is small; it is no more 
than about the angular distance between arms. This 
motion is not much greater than if each arm were confined 
in its Daoud-Cotton cone. Thus, it seems likely that the 
arms remain substantially disentangled throughout the 

simulations. This lack of entanglement may have influ- 
enced the static and dynamic properties we observed. To 
explore these entanglement effects-a distinctive feature 
of star polymers-is an important problem for future 
simulations. 
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